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Postbuckling Behavior of Laminated Plates Using a Direct
Energy-Minimization Technique

Pierre J. Minguet,* John Dugundji,t and Paul Lagace}
Massachusetts Institute of Technology, Cambridge, Massachusetts

The postbuckling behavior of rectangular, flat, laminated, or sandwich plates is investigated using a model
including the different anisotropic material coupling terms, the effect of transverse shear deformation, nonlinear
strains, and initial out-of-plane imperfections. The Rayleigh-Ritz method is used to discretize the problem and,
instead of solving a set of partial-differential equations, a direct energy-minimization technique is used to solve the
problem numerically. The solution procedure used is described in detail in the first part of this paper, and the results
obtained for three example problems are presented in the second part. These results correlate well with

corresponding experimental data that are also presented.

I. Introduction

ITH the increased consideration of composite materials

for use in primary aircraft structures, old issues such as
plate buckling must be given renewed attention because of the
unique problems introduced by the anisotropy of composites.
Furthermore, since composite materials usually do not exhibit
large yielding deformations prior to failure and therefore do
not allow stresses to be redistributed in the postbuckling
region, simple design procedures developed for metallic panels
(such as the equivalent-width concept) can no longer be used.
Thus, a more detailed analysis in the postbuckling region is
needed to predict fully the behavior of composite plates.

A recent report by Leissa' contains over 400 references
relative to laminated and sandwich plate and shell buckling.
Most of the literature on the buckling of sandwich panels can
be separated into two areas. The first is the formulation of
accurate plate models that take into account the shear defor-
mation of the plate cross section: from the original Reissner®—
Mindlin® work that assumes a linear variation of stresses and
strains through the thickness to more recent, higher-order
theories, for example, a recent paper by Reddy.* These,
however, can quickly lead to some very complicated algebra
and also get computationally expensive since more variables
are needed to describe the displacement fields. The second
aspect is the evaluation of the critical buckling loads for
various types of instabilities: from the overall buckling prob-
lem, as in Ref. 5, to its combination and interaction with face
wrinkling for sandwich panels as in Ref. 6. Also, with the
introduction of composite materials, new problems for the
analysis arise from the different coupling terms that can result
from the possibility of having completely anisotropic panels,
which makes the determination of closed-form solutions un-
likely or cumbersome. Although much work has already been
done in this area, most references are still concerned only with
obtaining critical loads, that is, solving the linear eigenvalue
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problem. Few of them, as for instance Ref. 7 for laminated
plates, are concerned with the actual load response of panels,
which requires solving the nonlinear, large deflection plate
equations.

The objective of this paper is twofold: first, to present a
simple and efficient solution technique for structural problems
involving geometric nonlinearities, and second, to use this
procedure to calculate and illustrate by some examples the
postbuckling behavior of laminated plates. As will be shown,
the computer program that was developed allows one to get a
rapid idea of the behavior of a flat, rectangular panel under
load, which could make it useful, for example, in a prelimi-
nary design stage where an efficient analysis is needed to
evaluate many different laminate designs. A more complete
description of the analysis can be found in Ref. 8.

II. Formulation

Since composite materials are more sensitive to transverse
shear deformation because of their low shear modulus and in
order to analyze sandwich plates, a Reissner-Mindlin-type
plate model will be used, i.e., normal planar sections will
remain planar during deformation but not normal to the
midplane. Thus, displacements in the plate can be written as

up(x, , 2) = u(x, y) + z¢(x, y)
v, (x, . 2) = v(x, y) + 26(x, y)
w,(x, , 2) = w(x, ) (N

where u,, v,, w, are displacements anywhere in the plate; u, v,
w displacements of the midplane; and ¢, 8 rotations.

Since a potential energy formulation will be used, the plate
behavior will be described in terms of the three midplane
displacements u, v, w and the two rotations ¢, 0, instead of
using a stress function to describe the in-plane behavior. For
the postbuckling behavior, nonlinear strain-displacement rela-
tions must be used

1 [ou; + Ou; 4 Ouy, Ouy, 2
g, =—} —+ -4 ——_"
Yo 2\0x; 0x; Ox; Ox;

If the in-plane displacements remain small and transverse
displacement remains moderate, a look at the relative orders
of magnitude of the different terms allows one to neglect the
in-plane rotations and simplify these relations to the usual
von Karman equations for large deflections. Combining these
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equations with Egs. (1) gives the final form of the strain-dis-
placement relations

e =Uy +3W, )2+ Wo W, 2z,

=0, +35w,)2 +wo,w, +20,

Yo =Uy + 0+ W W, +wo W, +wo W, +2(¢, +0,)
Ys=¢ +w,

Y=0+w, 3)

where w, is the initial transverse displacement and y; = 2¢; are
the engineering shear strains.

The material stress-strain behavior is assumed to be linear.
If N and M are defined as the usual force and moment
resultant vectors, the plate material behavior can be described
with the same relations as in classical laminated plate theory

N = A:°+ BK
M = Be® + DK
where
+h/2
(4, B, Dy) = f Cy(l,2,2z% dz 4)
—h/2

Midplane strains
0 __ (] 0 0N\T
£” = (g1, 822, 712)
Curvatures

K=($,0,,¢,+0)7

No limitations need be done on these terms and all coupling
terms are here taken into account. Similarly, if Q is defined as
the transverse shear forces’ resultant, the last two stress-strain
relations should be written as follows to be consistent with the
assumed displacement fields:

Q=0y ()

However, it is well known that this would overestimate the
stiffness. The classical way, as shown by Reissner, to correct
this for isotropic materials is to use a shear correction factor
of 5/6. For laminated plates, two shear correction factors k,
and &, can be determined using, for example, the procedure
described by Whitney in Ref. 9. The shear stress-strain rela-
tions are then simply rewritten as

[Qy] _ [Gm G45:":V4:| _ [ kidy k1k2A45:||:W,y -+ B:I (6)
0, Gy Gss | vs kikyAss  k3Ass Wit ¢

The principle of the minimum of the potential energy [T,
will be used here to solve the problem

1
min, I1, = min, <E J‘VCijsisj dav — jf,-u,- dS) )

S

If we introduce all of the assumptions just stated, the plate
strain energy can be expressed as a function of the five
unknowns u, v, w, ¢, 6 after integration through the thickness

U= %J (e°7[A41e° + 2¢°7[Bix + xT[Dlx +7T(Gly) dx dy (8)

If the midplane strain £° is separated into its linear and
nonlinear parts, ¢, and &,;, the strain energy can be broken
down into different components U,, and each can be identified
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as having a specific meaning as follows:

v,=3 f f e7lAle, dx dy ©)

U, is a quadratic term representing the in-plane stretching of
the plate, that is, the membrane behavior.

U,= % ,[[23 T1 Ale,, dx dy (10)

U, is a geometric coupling between in- and out-of-plane
deformations. This term ‘““causes” buckling and is the one that
is included to solve the linear eigenvalue problem.

U, = % J‘J‘eﬂ [A)e,; dx dy (11)

U, is a fourth-order term in w that represents the postbuckling
stiffness of the plate.

U4=%H25{[B]x dx dy (12)

U, is a quadratic term representing the material coupling
between in- and out-of-plane deformations that occurs in
unsymmettic plates.

U5=%JJ2££[B]K dx dy (13)

Us is a complement of the previous one Uy for the nonlinear
part of the in-plane strains.

U6=%foqD]x dx dy (14

Uy is a quadratic term representing the bending stiffness of the
plate.

1
U7=§ﬁ?’IG]? dx dy (15)

U, is a quadratic term representing the plate transverse shear
stiffness. Notice this is the only term coupling w with ¢ and 6,
and also the only one containing terms that are functions of
w alone. This will mean that if G gets smaller and smaller, the
plate will lose all transverse stiffness even if D is not zero.

Finally, there is also W, the work term contribution to the
potential energy IT,, expressed as

W=JJpwdxdy+JNT'uds (16)

with p, distributed transverse pressure, and N7 applied forces
at the boundary.

In addition to these terms, there are several other contribu-
tions to the potential energy from the initial imperfections w,
that are not indicated here for clarity. These terms are very
similar to those just shown and can be obtained by substitut-
ing w, for w at appropriate places [see Egs. (3)].

III. Boundary Conditions

No discussion for a solid mechanics problem would be
complete without a word about boundary conditions. Since
the potential energy approach is used here, mention will be
made only of the geometric ones that need to be satisfied.
They can be separated into two categories.

1) Out-of-plane, concerning w, 8,, and 6, (rotations nor-
mal and tangent to the boundary): free, no restrictions on w,



DECEMBER 1989

0,, 0,; simply supported, w =0, no restrictions on 6,, 0 ;
clamped, w =0, 0, =0, w, =0.

2) In-plane, concerning u, and u,. These are also impor-
tant, although not as obvious as the out-of-plane conditions,
and different choices can lead to completely different behavior
in the postbuckling range: straight edge, u, must be constant
along that edge (but not necessarily zero); stress-free edge, u,
and u, must be free to take arbitrary values; uniformly loaded
edge, same condition, u, and u, arbitrary.

To illustrate these in-plane conditions, consider the follow-
ing three cases:

1) All edges are constrained to remain straight (for exam-
ple, if the plate was surrounded by strong stiffeners). This is
the stiffest case since tensile membrane stresses develop at the
middle of the lateral (unloaded) edges and tend to pull the
plate back in. (Notice, no overall load is applied on the lateral
edges.)

2) The lateral edges are now no longer constrained to be
straight, but are free to deform, and since the foregoing
stresses have been released, stiffness decreases significantly.
The loaded edges are kept straight and the applied load tends
to redistribute outward toward their ends.

3) The lateral edges are still free to deform, but now the
loaded ones are also no longer constrained to be straight so
that the applied load tends to remain uniformly distributed.
This causes higher stresses at the middle of these edges than in
the previous case, and since the plate is “softer” there, this
causes larger out-of-plane deflections.

Notice that these three different conditions have no effect
on the buckling load but only the postbuckling stiffness.
These are significant effects and should not be overlooked
when comparing results from different analyses or experi-
ments.

IV. Minimization Technique

At this point, the usual way of proceeding would be to take
the variation of the potential energy over the five unknown
fields to obtain a set of five nonlinear, partial-differential
equations that could be solved using, for example, Galerkin’s
method. Here, a different approach is taken. First, a discrete
expression of the potential energy is obtained. Since only
rectangular plates are being considered here, the Rayleigh-
Ritz method is used for this purpose and several series of
modes are assumed for each unknown. The resulting expres-
sion, once all integrations have been performed, can be repre-
sented as a fourth-order polynomial in the unknown modal
amplitude g¢;

F(g;) = Zfiqi + ZKijqiqj + ZKyk‘Ii‘Ij‘Ik + ZK:'jk[qiqjqkql (17

Then, one minimizes directly this function using a “minimum-
seeking” algorithm in order to find the equilibrium points. All
of these algorithms usually proceed in an iterative way, each
iteration being divided into three steps.

1) At iteration » from a current point ¢, find a vector s,,
called ““descent direction” so that the function F(q) is decreas-
ing along it, that is,

VF,-s,<0

where VF, = {0F/dq;}, is the gradient of F at g,,.

2) Along that line, find the absolute minimum of F(q), that
is, solve the equation

4 (g, + a5, =0 (18)
da

This operation is often called “line search’ and its solution «,,

represents the optimum step length that can be made in that

direction, that is, the one that will give the largest decrease in

value for F(q).
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3) Increment the unknowns to that new point

qn+1=qn +asn

and start over again until convergence is reached, that is, if
the magnitude of the gradient vector VF, at that point is
below a certain level.

Most algorithms will differ on the way they find the descent
direction in step 1. Two (among many) of the most popular
methods for this are the conjugated gradient method and the
Newton-Raphson method. The first method requires only the
evaluation of the gradient VF, at each iteration that makes it
very affordable computationally. However, since it is a first-
order method, its convergence can be sometimes slow. For the
second method, the descent direction is defined as

s,=—H; ! VF, (19)

where H, = [0*F/3q;3q;], is the Hessian of F at g,.

This method usually converges very fast, but since it re-
quires the evaluation and inversion of the Hessian matrix at
every iteration, it is more costly and its use is restricted
generally to problems with a relatively small number of
unknowns. Since this was the case here, this second method
was used.

Once a suitable descent direction s, has been determined at
a point g¢,, it is possible to improve the convergence of the
algorithm in step 2 by trying to find the absolute minimum of
the function F(q) along the line defined by s,. This can
sometimes be a very expensive operation if F(g) is not known
explicitly, but in the present case, a great simplification arises
from the fact that F(q) is a fourth-order polynomial so that

F(q, +os,) = a;0* + a0 + a0’ + a0 + Flg,) (20

where «a is the step length.

a4
21 T, =constant contours
9n /
ay
IHrp-('rrp)n
i
a, i 4
-2 @, - ! /"
T 2 a
[ ot
| [}
-

Fig. 1 THustration of energy-minimization procedure (top) for a two-
variables problem and of the line-search technique (bottom).
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Finding the optimal step length a, then reduces to finding
the roots of a third-order polynomial that is the derivative of
Eq. (20). This gives the stationary points of the polynomial,
Eq. (20). A simple way of evaluating the coefficients g; of this
polynomial is to evaluate F(g, + as,) for different values of a,
namely, —2, —1, 0, 1, 2, and then to find the polynomial
passing through these points (as illustrated in Fig. 1).

This “line-search™ technique for optimal «, was used here.
If the line-search technique of step 2 is omitted by simply
setting o = 1, one obtains the conventional Newton-Raphson
iteration, but the convergence is then slower.

The direct minimization technique used here offers a few
advantages over the other classical methods. First, it is a
direct application of the minimum principles and its formula-
tion is easier to interpret physically. It is very simple to use
since no long algebraic developments are needed: For a given
problem, it is only necessary to write down the corresponding
expression for the potential energy. It is also very easy to
extend this procedure to other types of models: The original
model used to develop this method was a Kirchhoff plate
model to analyze thin plates. The extension to the Reissner-
Mindlin model was done by adding the terms corresponding
to the shear deformation and reorganizing some other terms.
Similarly, the extension to cylindrical panels could be done by
including in the potential energy the terms containing the
radius of curvature. The coding of this method into a com-
puter program is relatively straightforward, although some
“bookkeeping” is required to store all the matrices involved:
Once a set of mode shapes has been chosen, the different
matrices corresponding to the seven terms in the strain energy
are calculated by numerical integration. For the minimization
algorithm, it is only necessary to be able to calculate, at a
given point ¢,, the value of the function TI(g,), its gradient
and its second derivatives. Another advantage of this formula-
tion is that no incremental loading is needed: The solution for
a given loading can be obtained directly, which often can save
much computation time.

An important issue also with nonlinear problems is the case
where multiple solutions, that is, multiple equilibrium points
or local minima, can exist for a given load. For example, for
the postbuckling problem, transitions from one type of solu-
tion to another can occur at some load levels. Since a mini-
mization algorithm cannot usually detect the absolute
minimum of a function, something must be done to capture
this kind of behavior. Two observations on this problem have
been noted from experience. First, the minimization al-
gorithms tend to converge toward the local minimum that is
closest to the starting point. Some solution methods based on
that observation use a certain number of randomly chosen
starting points in the solution space and then compare the
local minimum points that were attained from these starting
points. Second, for the plate buckling problem, transitions
between solution types always occur between deformed shapes
close to the buckling eigenmodes of the plate. Therefore, the
following procedure was adopted:

1) For the given load, the corresponding linear solution
was formed. Usually, for a symmetrical panel, this would
correspond to a uniform state of strain.

2) By using the first eigenmode as a descent direction, a
line-search operation was done. If a new point resulting in a
decrease in potential energy was obtained, the minimization
procedure was started from that point until equilibrium was
reached. That solution and its energy level were then stored.
The whole process was repeated using the second and follow-
ing eigenvectors. For plates well into the postbuckling range,
three trial vectors seemed to be a practical maximum, whereas
for sandwich or thick plates, one was usually used in the
prebuckling range and two trial vectors were used above the
buckling load. Physically, the process can be viewed as load-
ing the plate while holding it flat and then giving it a small
perturbation in the shape of the eigenmodes to see if any
stable position can be reached.
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3) Once all the trial vectors have been used, the energy
level of the different solutions was compared and the lowest
value obtained was retained as the absolute minimum.

V. Discretization and Displacement Modes

All the information necessary on how to calculate the
potential energy IT, as a function of the five variables u, v, w,
¢, and 0, and to solve the problem in discrete form has been
presented. The last question is to decide which shape func-
tions should be used to represent the displacements: This
always involves a part of trial and error, and the choice that
was finally adopted is next described.

In-Plane Displacements u, v

These displacements contain two different parts: First, three
modes (one for u, two for v) are needed to represent a
uniform extensional strain in the x and y directions and a
uniform shear strain. The second part is a series of cosine and
sine functions: Not all indices i,/ are used since experience
showed some modes were always negligible, and the actual
choice used in the examples is indicated in Table 1.

u=wué+y, Y u;sin(in) cos( jan)
i

v=0 + 0,8 + Y Y vy; cos(ing) sin( jmn) #3))

i
with
- 4
é _ ’7 b
As can be seen, those functions are such that all edges of the
plate remain straight. For the case where the unloaded (e.g.,

Table 1 In-plane mode shapes
u = uy,; sin(kné) cos(inn)

1 X X X X
2 X X X X
3 X X X X
4 X X X X

6 X X

7 X X

X = Mode used.
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y =0, b) edges are free to pull in or out (which was the case
in the experiments), the following modes were added:

1 3
v=>Y v, cos(inf)(n — 5) , i=1,4 (22)
However, these modes alone cause unwanted shear strains
(and stresses) along those same edges and violate the stress-
free condition since

ov in 1\?
= 2 sini —= =0,1 2
; f 2,— vy, p s1n(m§)<11 2) #0 at g A (23)

To avoid this, four modes are added to u with a similar form
so that it will be possible to minimize these shear strains

1 2
U= Z uy, sin(iné)(n - 5) (24)

Notice that this choice still keeps the loaded edges (x =0, a)
straight.

Out-of-Plane Displacements w, ¢, 0

First, consider the case where the loaded edges are clamped
and the others simply supported (the model used to represent
the actual experiments is shown later). A separable solution
was assumed here, using “beam functions” in the x direction
(to satisfy dw/dx =0 at x =0, a) and sines in the other
direction

Wes = Z Z wijFi (é) Sln(_]TCT]) (25)
where

F;(&) = cosh(a;) — cos(a;§) — y;[sinh(«;{) — sin(«;¢)]

and the constants «; and y, are given in Table 2. Alternatively,
the beam modes can be represented using the simpler and
numerically more accurate expression of Ref. 10.

Normally, the choice of modes for ¢ and 8 could be
arbitrary (with the condition that ¢ = 0 at x =0, a), but when
the thickness of the plate decreases, one must recover the
Kirchhoff condition and the shear strains must vanish. Thus,
one should have

es=¢+w, -0
g=0+w,-0

For this to be true everywhere, one should choose
1 Lo
b= Z Z ¢y; F}(&) sin( jnn)
i

0u =3 T 0,FO% cos(j) 26)

Table 2 Beam functions coefficients, F(x) = cosh(z;x) — cos(x;x)
— 7;|sinh(x; x) — sin(a;x)]

i Alpha Gamma

1 4.7300407448627 0.98250221457624

2 7.8532046240958 1.00077731190727
3 10.995607838002 0.99996645012541
4 14.137165491257 1.00000144989766

5 17.278759657400 0.99999993734438
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where
oF;
o¢

Otherwise, stiffness would get overestimated when the plate
thickness decreases (shear locking).

Other types of boundary conditions can be handled simi-
larly using the same basic functions (see Appendix B). Once a
set of modes has been chosen, they can be placed into the
strain-energy expressions [Egs. (9—16)] and integrated over
the plate area to obtain the final discrete expression of the
potential energy. The integrations needed to obtain these
matrices were performed using Simpson’s parabolic rule.

Fi Q)=

VI. Examples

A computer program has been written to execute all the
operations. Its structure is fairly simple and performs all the
steps explained so far.!! The code is over 2000 Fortran
statements long: Its structure is very modular and could be
easily modified to include, for instance, other types of
boundary conditions or other energy terms to represent differ-
ent types of panels. In its current version, the program can
analyze any rectangular plate made of any stacking sequence.
The user has to supply the necessary material properties and
geometric sizes, and choose the boundary conditions and
number of modes to be used for the different variables. All the
stiffness matrices are then generated. Great care was taken in
doing this to avoid calculating the same terms several times
since those matrices contain numerous symmetrical combina-
tions of indices, therefore saving some valuable time. Once
this is done, a load case and some initial imperfection can be
applied, and the corresponding solution found.

Table 3 Material properties

AS4/3501-6 graphite-epoxy

E,: 139.3 GPa
E;: 11.1GPa
G,r: 60GPa

v.r: 03
Ply thickness: 0.134 mm

Nomex honeycomb

G.,: 60.0 MPa
G,.: 30.0 MPa
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Fig. 2 Load deflection behavior of [0,/45,/0], plate.
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Fig. 4 Load deflection behavior of sandwich plate.

Three examples of the use of this program are shown here.
They were chosen partly because of the availability of experi-
mental data that made some assessment of the accuracy of the
method possible. The first two concern thin laminated plates
in which transverse shear deformation is relatively unimpor-
tant, and the third one is a sandwich plate. Sixty-two displace-
ment modes were used for the first case, 85 for the second,
and 62 for the third case. All three plates had a test section of
255 x 255 mm and the nominal ply properties used in the
analysis for Hercules AS4/3501-6 graphite-epoxy are indicated
in Table 3. The computation time involved, on a DEC VAX
11/780, was of the order of 10 CPU min for the second
example and approximately 5 min for the first and third.

The layup of the first laminate is {0,/45,/0],. A plot of the
load vs transverse deflection behavior is shown in Fig. 2 for
the present analysis and the experimental data of Ref. 12. The
boundary conditions are considered to be clamped on all four
sides. Because this is a fairly thin laminate, its buckling load
is fairly low and there is a long postbuckling behavior, which
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Fig. 5 Load strain behavior of sandwich plate.

illustrates well the importance of being able to design panels
in the postbuckling region to take advantage of that load-car-
rying capability. From Fig. 2, one can see that the present
analysis agrees well with the experimental data but is a little
too stiff.

For the second example, a [+45/0l,, layup was analyzed
and compared to the experimental data of Ref. 13, as shown
in Fig. 3. For this plate, the loaded edges are clamped and the
sides simply supported. The interesting point here is that these
square panels buckled first in a usual first mode and then, at
a higher load, exhibited a transition into a second buckling
mode. In order to capture this behavior, a larger number of
displacement modes were used, with up to four harmonics in
the loading direction for w. With the foregoing technique,
solutions corresponding to the first and second buckling mode
are obtained: Between a load of approximately 7 and 14 kN,
the first mode solution leads to the lowest potential energy,
whereas above 14 kN, the second mode has a lower potential
energy and is therefore chosen. This example illustrates well
the versatility of the present method for problems in which
multiple equilibrium points are present.

The last example shown is a sandwich panel with two
[ +45/0], faces and a 3.2 mm thick Nomex honeycomb core,
with the loaded edges clamped and the sides simply sup-
ported, as in Ref. 14. The load vs center deflection behavior is
shown in Fig. 4, as well as the strains measured at the center
of the panel in Fig. 5. Because this panel is much stiffer than
the previous plates, its buckling load is higher but the post-
buckling behavior is more limited. Also, the presence of initial
eccentricities has a much more important effect. In the analy-
sis shown, the magnitude of the initial out-of-plane displace-
ments was chosen so that the analysis matches the initial
linear portion of the load deflection curve.

VII. Conclusions

An efficient technique to solve the large deflection of plates
problem has been presented. The equations used are similar to
von Karman’s and Mindlin’s plate equations and are dis-
cretized with the Rayleigh-Ritz method, and solved with a
minimization algorithm. Some of the advantages of this for-
mulation are that it is easy to implement and expand, no
incremental loading is necessary, and it is able to handle cases
in which multiple equilibrium points are present. The method
is also relatively fast, which could make it a good tool in a
preliminary design stage when many candidate laminates must

0.006



DECEMBER 1989

be evaluated and compared. From the examples shown, one
can see that good agreement was obtained for the deflection
predictions with the corresponding experimental data.

Appendix A: Strain-Energy Components

For reference, the complete expressions for the strain-en-
ergy components U, to U, are given herein.

o= () 2G5 - 4=(5)
+2Aw<2—i:><€%+zzz>+uzs<2”>(2:+-2-z>
+A66(Z—;+2—”>2]dx dy
UZ%“ {A <ax>(aw>

<a &) -GN ]
GG )& ]
GG GG
10 IR 29 9 )
o [ 23:)(22?) (:)E)
()55 a5 )5 (5 )E)
o (Zﬁ ) (’(Zu ax><%%>
SR R R O
Us%U () () 2(3) ()
o) (& o) el (o)
w5 ) (5) 5l ) (5

o) w255 )

Gz
[oa(G) v )5) +2=(5)

(o) ol )& )+ 20(5)(5)
(&) 2l ) #2030 ) 35)

2
1

B,
+B

POSTBUCKLING BEHAVIOR OF LAMINATED PLATES 1791

0 0
+2G, 00 + 2G45¢<—’3> + 2G456<—W)
dy Ox
ow\/ow
26
“u(3)(5)
F ow'\?
4+ G0 +26,0 L)+ 6 22 |ax ay
dy dy

W=ijwdxdy+j1\77-uds

with p, distributed transverse pressure, and N7 applied forces
at the boundary.

Appendix B: Displacement Modes

For a plate simply supported on all sides, one can use series
of trigonometric functions

Wy = Z Z w;; sin(iné) sin(jmn)

ZZ¢U

cos(mé) sin{ jnn)

=Y Yo, ,;" sin(ine) cos( jmn)

For a plate clamped on all sides, a double series of beam
functions can be used

= Z Z w, F;(E)F; ()
=Y Xy ; Fi(&F;(n)

1
=X 055 F(OF; ()
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